COMMUNICATION
to explore other federal agency sources of funding for mathematics. The chart below shows that mathematicians are more dependent on the NSF for support than are scientific researchers in some other disciplines. It is worthwhile to note that other agencies contribute funds for mathematics research, but only to projects that contribute to their respective missions.
While 64% is clearly the majority of funding, this leaves a sizable chunk. Where does the remainder come from? The vast majority of the remainder comes from DoD and the Department of Health and Human Services (HHS) at 18% and 12% respectively. The Department of Energy (DoE) provides a smaller portion of funds for mathematiThe AMS Office of Government Relations, located in Washington, DC, works with the federal government to try to make sure that the agencies that award money to mathematicians have the budget they need to ensure robust and stable funding for mathematics research. For example, the Office works with the Coalition for National Science Funding (CNSF) on annual appropriations for the National Science Foundation (NSF), and with the Coalition for National Security Research (CNSR) for Department of Defense (DoD) appropriations. Fair warning: this article contains (too) many acronyms.
Mathematicians working in academia often seek federal funding for their research from the NSF. This makes sense, as about 64% of federal support for basic research in the mathematical sciences-and done at colleges and universities-comes from the NSF (Figure 1 ). 1 NSF funding is available for a wide variety of projects, including for individual investigator awards.
The NSF is the only agency that supports mathematics research broadly across all fields. Each year there are twenty-four MURI topics, with eight provided by each of the Air Force, Army, and Navy basic research offices. Many of the 2019 topics across all three services seek mathematical models and computational approaches to provide theory and understanding to complex physical and biological processes. As an example, one topic offered by Navy is "Fundamental Limits on Information Latency," and this MURI will require researchers with backgrounds in signal processing, optimization, and game theory. "Advanced Analytical and Computational Modeling of Arctic Sea Ice" is another Navy topic, and the Army has a call out for proposals related to "Multi-layer Network Modeling of Plant and Pollen Distribution across Space and Time." Watch for the 2020 topics announcement.
The strategy of the Air Force Office of Scientific Research (AFOSR) is to invest in basic research with the goal of transferring its fruits to industry, to the academic community to further scientific knowledge, and to the various branches of the Air Force Research Laboratory, for further research and development of technology. Investment in pure mathematics research has been a key ingredient in AFOSR's strategy where funding has been provided primarily in three programs: Dynamics & Control, Information Science, and Cybersecurity. The research topics being funded include: applied category theory, applied algebraic topology, and analysis. In this context, the word "applied" means seeking new mathematical concepts and theories that have potential applications in scientific disciplines such as dynamics of abstract systems, homotopy type theory, univalent foundations, and formalized proofs.
Since 2011, AFOSR has sponsored a number of single-investigator efforts, including foreign researchers, and a MURI project on Homotopy Type Theory and Univalent Foundations. The latter has the participation of a number of cal sciences research; this amounts to just under 5% of all federal funding for basic research done at universities and colleges in mathematics. 2 The rest of this article will focus on DoD and HHS opportunities for mathematicians. The NSF is the only agency of the federal government that does not do research in its own labs ("in house" or intramural research). DoD and HHS opportunities are thus in the form of grants for faculty members (extramural) and also include options to work at the agency doing intramural research. In this article, we focus on extramural opportunities.
At 
Department of Defense funding for mathematics
Industry is a vital partner for DoD in technology development; it is perhaps not as well known that academic researchers also play a significant role in furthering DoD's mission. According to NSF data, nearly one in every four dollars of DoD awards for scientific research goes to colleges, universities, and non-profits. Further, over 57% of DoD-sponsored basic research takes place at non-profits, and on college and university campuses. 4 You may wonder why DoD supports basic research. The mission of the DoD is to provide the military forces needed to deter war and to protect the security of our nation, and DoD's capability to do so depends on technology. Technology is the fruit of science, and basic research produces the new, transcendent ideas that will enable our future technologies. It is the role of DoD Basic Research Program Managers to make informed, but not guaranteed, investments in particular directions that they deem have the best chance of helping provide DoD with the new scientific understanding that will enable unprecedented future technologies.
We highlight five agencies within the DoD. Three are the "services"-Air Force, Army, and Navy. Each of the services has a Young Investigator Program (YIP), and For more information: https://www.arl.army .mil.
The Office of Naval Research (ONR) funding opportunities are organized according to technology needs; mathematics falls in the department of "Command, Control, Communications, Computers, Intelligence, Surveillance, and Reconnaissance" (or, "Code 31"). 7 Code 31 is further broken down into three divisions, one of which is "Mathematics, Computer and Information Systems" (Code 311). Code 311 funds basic research in areas including network theory, decision-making, cybersecurity, mathematical data science, and computational analysis. It includes three programs that have significant mathematical content.
• The Applied and Computational Mathematics Program focuses on developing analytical and computational tools for solving PDEs arising from various physical problems, such as ocean and atmospheric dynamics, inverse problems in acoustics, imaging targets in cluttered media, and multi-scale/multi-physics problems arising in the modeling of fatigue, fractures, and shocks. The mathematical modeling of sea ice dynamics and its multiscale nature is a current focus of research and several applied mathematicians are working on this topic (see Figure 2 ). • The Mathematical Data Science Program focuses on developing mathematical tools for efficiently representing data, understanding relationships in data, and extracting information from data. This program draws upon basic research in mathematics, probability, statistics, signal processing, machine learning, data engineering, and information theory.
• The Mathematical Optimization Program focuses on developing theory and algorithms for solving largescale optimization problems. This includes, but is not limited to, cutting plane and polyhedral techniques for mixed-integer programming, decomposition apmathematicians, including Vladimir Voevodsky (deceased; formerly at the Institute for Advanced Study), Michael Shulman (University of San Diego), and Steve Awodey and Jeremy Avigad (both at Carnegie Mellon University). AFOSR has also sponsored work on data interpolation since 2011. In this effort, mathematicians are collaborating with control theorists to formulate a new framework for modeling and learning dynamical systems using only small amounts of data. Sponsorship of research on using category theory and operads to study abstract complex systems and their dynamics is leading to new discoveries and directions in this field. A group of mathematicians are using Wasserstein geometry and optimal transport for computer vision problems. AFOSR has sponsored research at the intersection of systems biology and differential equations. Another sponsored effort is investigating robotic navigation via sheaf-theoretic techniques. In applied and computational mathematics, AFOSR has had several MURIs in areas such as Uncertainty Quantification (combination of applied probability and computational tools), Game Theory on Networks, and most recently in 2018 a MURI on Mean-Field Game Theory.
For more information: https://www.wpafb .af.mil/afrl/afosr.
The Army Research Office supports any sort of mathematics that may help enable a stronger future Army, and is the only funding agency within the DoD with a Mathematical Sciences Division. This division is currently organized into four programs: Modeling of Complex Systems (interests involving geometry, topology, non-smooth differential analysis), Probability and Statistics (interests involving SDEs, QSDEs, multivariate heavy-tailed phenomena), Biomathematics, and Computational Mathematics.
In addition to the YIP and MURIs described above, Army funding can be obtained through several programs, including: Single Investigator program, Short-Term Innovative workshops in the five subject areas of Algebra, Discrete Mathematics, Number Theory, Probability, and Statistics. They also support Research Experiences for Undergraduates programs in any area of mathematics or computer science. In the past, MSP has funded individual researchers. For budgetary reasons, individual grants as well as Young Investigator Grants and the NSA Sabbatical Program are not currently available. It is possible that we will see these opportunities re-emerge in the future.
For more information: https://www.nsa.gov. In addition to the opportunities described above, there are joint programs between the NSF and other agencies. The "Algorithms for Threat Detection" program is just one example, and is jointly run by NSF and DoD. Harvard mathematician Shing-Tung Yau currently holds an award and is using tools from random graph theory and differential geometry to focus on finding patterns in large graphs that may be hidden and that could potentially be indicative of emerging threats of various kinds (internets, critical infrastructure networks, financial networks, social networks, etc.).
Department of Health and Human Services funding for mathematics
As with all other federal agencies outside of the NSF, research supported by HHS is mission driven. The NIH sits in HHS and, as you probably know, it works to prevent disease and improve health. Mathematicians have an array of opportunities to collaborate through NIH funding. Reinhard Laubenbacher of the University of Connecticut is working with a medical colleague on algorithms that could lead to new therapies to treat invasive Aspergillosis, a fungal disease of the lungs that poses serious health dangers to patients with weakened immune systems, including organ transplant patients and cancer patients undergoing chemotherapy.
Within the National Institute of General Medical Sciences at NIH, the Division of Biophysics, Biomedical Technology, and Computational Biosciences supports research in mathematical biology through a program run jointly with the NSF. 12 Both agencies recognize the need for promoting research at the interface between the mathematical sciences and the life sciences. This program is designed to encourage new collaborations, as well as to support existing ones. Mathematician Christine Heitsch (Georgia Tech), whose research interests lie at the interface between discrete mathematics and molecular biology, has been supported by this program.
The National Institute of Biomedical Imaging and proaches for large convex and non-convex problems, first-and second-order algorithms for convex optimization, and distributionally robust methods for stochastic optimization. Also of interest is research in combinatorial optimization and discrete structures associated with these problems. There are additional programs within the Division in which mathematics plays a supporting role, such as the Machine Learning, Reasoning, and Intelligence Program, and the Cyber Security and Complex Software Systems Program.
ONR-supported research has led to the proofs of the Four Color Theorem, the Strong Perfect Graph Theorem in graph theory, and Rota's Conjecture in matroid theory.
The Naval Research Enterprise (which includes ONR and the Naval Research Laboratories) has a variety of opportunities for students (undergraduate and graduate) and faculty. 8 For more information: https://www.onr.navy .mil.
The Defense Advanced Research Projects Agency (DARPA) funds projects focused on improving our national security. Many efforts across the agency may have a significant mathematical component, and within the Defense Sciences Office (DSO) of DARPA, several programs have had a strong mathematical focus. Mathematics-focused programs are generally aimed at developing new mathematical approaches and algorithms to solve problems spanning Artificial Intelligence, optimization, uncertainty quantification, dynamical systems modeling, control theory and design. Indeed the current DSO Broad Agency Announcements (BAAs) list "Frontiers in Math, Computation and Design" as one of four research topics of interest and will support basic research that fits with the call for proposals. 9 It also offers a Young Faculty Award program to identify and engage rising research stars in junior faculty positions at US academic institutions. 10 Mechanical engineer Mark Fuge of the University of Maryland is a Young Faculty awardee for a project entitled "Topology and Synthesis of Design Manifolds," studying how mathematical tools from topology, group theory, and machine learning can aid human exploration of large, complex design spaces. 
Summary
Federal funding for mathematical research is available from agencies other than the NSF. The DoD and NIH granting agencies, in tandem with the NSF, have had a remarkable record of focused investments in almost all areas of mathematics, but especially in applied and computational mathematics, that have resulted in rapid acceleration of several areas with game-changing effects on science and technology. Among these achievements are algorithm developments ranging from the Simplex method to the Fast Multipole method, the development of wavelets and its huge impact on JPEG 2000, to compressive sensing, uncertainty quantification, and now the mathematics of mean fields. All of these developments have benefited from investments by the NSF and the DoD and NIH granting agencies. This article has attempted to give an overview of funding opportunities at the DoD and the NIH, in particular. Key advice for the potential PI:
(a) Keep an eye on Broad Agency Announcements, the announcements that the DoD and NIH granting offices routinely publish to communicate launching of new initiatives.
(b) Have a conversation with the program officer, who often has a large degree of autonomy in developing their research portfolio, prior to submitting a proposal or a white paper to determine whether the proposed research is a good fit for the program.
(c) Remember that both the DoD and NIH are charged with developing a portfolio of research investments that contribute to their respective missions.
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